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• Swith o� your mobile phone and put it into your bag.
• Write with a blue or blak pen, not with a green or red one, nor with a penil.
• Write your name on eah sheet.
• Hand in this sheet, as well.
• Hand in only one solution to eah problem.The examination time is 180 minutes.You are not allowed to use books, alulators, or leture notes, but you may use 1 sheet ofhandwritten personal notes (A4, both sides).Unless otherwise stated, you may use results from the leture and the book without provingthem.You may use the fat that a map given by one �expliit formula� is smooth.Prove every other statement you make. Justify your alulations. Chek the hypotheses of thetheorems you use.Even if you are not able to solve one part of a problem, try to solve the other parts.You may write in Duth.30 points will yield a passing grade 6, and 63 points a grade 10.Good luk!1 2 3 4 5 6 7 8 9 10 ∑/7 /5 /4 /4 /10 /8 /4 /4 /7 /10 /63



Problem 1 (nonlinear system of equations, 7pt). (i) Prove that there exist numbers r, r′ >

0 with the following properties: For every y ∈ R2 satisfying ‖y − (1, 1)‖ < r′ there existsa unique solution x = xy ∈ R2 of the equations
sin(x1) + e−x2 = y1

ex1 + sin(x2) = y2,satisfying ‖xy‖ < r. Furthermore, the map y 7→ xy is smooth.(ii) Calulate the derivative of the map y 7→ xy at the point (1, 1).Problem 2 (tangent spae to linear subspae, 5pt). Let M be a d-dimensional linear subspaeof Rn and x0 ∈ M . Determine the tangent spae of M at x0.Remark: You may use the fat that M is a smooth submanifold of Rn.Problem 3 (a maximum is a ritial point, 4pt). Let M ⊆ Rn be a C1-submanifold, f ∈
C1(M,R), and x0 ∈ M be a point at whih f attains its maximum. Show that x0 is a ritialpoint for f .Hint: You may use a similar statement for a funtion of one real variable.Problem 4 (two-dimensional integral, 4pt). Calulate

∫ 1

−1

(
∫ 1

0

sin (cos(x1)x2) dx1

)

dx2.Problem 5 (volume of simplex, 10pt). (i) Draw the set
∆n :=

{

x ∈ Rn
∣

∣ x1, . . . , xn ≥ 0, x1 + · · ·+ xn ≤ 1
}for n = 1, 2, 3.(ii) Let n ∈ N. Prove that ∆n is Jordan-measurable.Hint: You may use one of the other problems of this exam.(iii) Calulate the Jordan-measure of ∆n.Remark: You may use the fat that for every Jordan-measurable set S ⊆ Rm and every

c ≥ 0 the set
cS =

{

cx
∣

∣x ∈ Rm
}is Jordan-measurable with Jordan-measure

|cS| = cm|S|.



Problem 6 (bitten piee of ake, 8pt). (i) Draw a piture of the set
S :=

{

x ∈ [0,∞) × [0,∞)
∣

∣x1 ≥ x2, 1 ≤ ‖x‖ ≤ 2
}

.(ii) Show that the funtion
f : S → R, f(x) := ‖x‖,is Riemann-integrable over S, and alulate the integral

∫

S

f(x) dx.Remarks: You may use the fat that S is Jordan-measurable.Chek all hypotheses of eah theorem you use.Problem 7 (two-dimensional integral, 4pt). Calulate the integral
∫

B2

1

(

D1X
2 − D2X

1
)

(x) dxfor
X(x) := e‖x‖

2−1

(

−x2

x1

)

.Here B2
1 denotes the open unit ball in R2.Problem 8 (line integral, 4pt). Consider the ellipse

C :=
{

x ∈ R2
∣

∣ x2
1 + 9x2

2 = 1
}

.(i) Calulate a unit tangent vetor �eld T along C.(ii) Calulate the line integral
∫

C,T

X · ds =

∫

C

X · T dsfor the vetor �eld
X(x) :=

(

−x2

x1

)

.Problem 9 (graph negligible, 7pt). Let n ∈ N, K ⊆ [0, 1]n be ompat, and f : K → R beontinuous. Show that the graph of f is a negligible subset of Rn+1.Remark: This problem was a orollary in the book. You need to prove this result here.Problem 10 (orthogonal matries, 10pt). We denote by
O(n) :=

{

A ∈ Rn×n
∣

∣ AT A = 1
}the set of orthogonal matries.(i) Prove that O(n) is a smooth submanifold of Rn×n = R(n2).(ii) Calulate its dimension.(iii) Determine the tangent spae to O(n) at the identity matrix 1.Remarks: This problem was a proposition and an example in the leture. The proof of theproposition used a remark about matries. You need to prove these results here.You may use the formula for the derivative of a multilinear map.


