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Advice: start on those problems you can do right away; then, start thinking about the others.
Good luck!

Exercise 1

We recall the cardinal numbers iα (for each ordinal number α), recursively defined by: i0 = ω;
iα+1 = 2iα ; iγ = sup{iβ |β < γ} if γ is a limit ordinal.
A cardinal κ is called a strong limit if κ is uncountable and for all λ, µ < κ, λµ < κ.
Show that the following three conditions are equivalent for a cardinal κ:

a) κ is a strong limit;

b) For all λ < κ, 2λ < κ;

c) There is a limit ordinal α > 0 such that κ = iα

Exercise 2

A Luzin set is an uncountable subset L of R such that for every closed and nowhere dense subset
A of R, L ∩A is countable.

a) Show that the collection of all closed and nowhere dense subsets of R has cardinality 2ω.

b) Assuming the Continuum Hypothesis, show that a Luzin set exists.
[Hint: use an enumeration {Kα |α < ω1} of the closed nowhere dense subsets of R. Use
the Baire category theorem, which states that the union of countably many closed nowhere
dense sets has empty interior]

Exercise 3

a) Prove that the intersection of two clubs (closed, unbounded subsets of ω1) is again a club.

b) An ordinal α < ω1 is called a limit of limits if there is a strictly increasing sequence γ0 <
γ1 < · · · of limit ordinals such that α = sup{γn |n < ω}.
Prove that the set of all limits of limits is a stationary subset of ω1.

Exercise 4

In this exercise, M is a countable transitive model of ZFC and P is a poset in M . MP is the set
of P -names in M .

a) Suppose that AεM is an antichain in P and for each qεA a name σqεM
P is given such that

the sequence (σq)qεA is in M . Define the following P -name:

π =
⋃
qεA

{(τ, r) | r ≤ q ∧ (r  τεσq) ∧ (τεdom(σq))}

Show that for every qεA, q  π = σq.



b) Let φ(x, y) be a ZF-formula, τεMP and pεP . Suppose p  ∃yφ(y, τ). Show that there is a
πεMP such that p  φ(π, τ).
[Hint: show that there is a subset A of P which is maximal with respect to the properties
that AεM , ∀aεA (a ≤ p), A is an antichain in P , and ∀aεA∃σaεMP (a  φ(σa, τ)). Apply
part a).]


